Abstract. Conformal field theories in curved backgrounds have been used to describe inhomogeneous one-dimensional systems, such as quantum gases in trapping potentials and non-equilibrium spin chains. This approach provided, in a elegant and simple fashion, non-trivial analytic predictions for quantities, such as the entanglement entropy, that are not accessible through other methods. Here, we generalise this approach to low-lying excited states, focusing on the entanglement and relative entropies in an inhomogeneous free-fermionic system. Our most important finding is that the universal scaling function characterising these entanglement measurements is the same as the one for homogeneous systems, but expressed in terms of a different variable. This new scaling variable is a nontrivial function of the subsystem length and system's inhomogeneity that is easily written in terms of the curved metric. We test our predictions against exact numerical calculations in the free Fermi gas trapped by a harmonic potential, finding perfect agreement.
Introduction
The characterisation of the entanglement content of an extended quantum system is nowadays a widely studied research theme [1] [2] [3] . The interest in quantifying entanglement in quantum systems comes in fact from different communities, ranging from quantum information, to high-energy-in particular quantum gravity-, to get to condensed-matter: it is now understood that many-body quantum systems and their phases may be characterised through their entanglement properties. Arguably, for a pure state |Ψ , the most studied quantity in this context is the entanglement entropy between two complementary spatial regions, A andĀ, of an extended quantum system [2, 3] S A = −Tr (ρ A log ρ A ) ,
where ρ A = TrĀ|Ψ Ψ| is the reduced density matrix (RDM) associated to the subsystem A. Also, Rényi entropies
are widely used entanglement measures [4] . Given that the von Neumann entropy is obtained as the limit for n → 1 of S
(n)
A , the Rényi entropies are a very useful theoretical tool, being the core of the replica approach to the entanglement [5, 6] . Furthermore, they can be measured, for integer n ≥ 2, both in Monte Carlo simulations [7] and in real experiments [8] [9] [10] [11] [12] [13] [14] ; finally their knowledge provides information about the entire spectrum of the RDM [16] . In gapped phases the entanglement entropies satisfy the area law [17] [18] [19] [20] : the ground-state entanglement is not extensive but grows as the area of the boundary surface separating the subsystem A from its complement. Conversely, in gapless systems there may be universal violations to the area law. The most remarkable example is represented by one-dimensional systems whose low-energy physics is captured by a Conformal Field Theory (CFT) [21, 22] : in this case, when A is finite interval of length embedded in a ring of length L, the entanglement grows as [5, 6] 
where c is the central charge of the underlying CFT and is a very important universal feature of critical systems. The additive constant s n is instead non-universal and depends on the fine details of the considered model. It has been pointed out that not only the ground state entanglement entropy presents universal aspects but also all low-energy eigenstates [23, 24] . The Rényi entanglement entropy of these excitations, when corresponding to conformal primary fields, have been characterised in Refs. [24, 25] ; it has been shown that they are related to conformal properties of the operator defining the targeted excitation by some universal functions. In fact, denoting by ρ Υ the RDM of the state associated to the field Υ (and hence ρ I is the ground-state RDM) the ratio
is universal and calculable in CFT [24, 25] . It is also useful to definê
as the excess of Rényi entropy of the excited state (S (n)
A,Υ ) with respect to the ground state value (S (n) A,GS ). Another important object capturing the universal features of low-lying excited states is the relative entanglement entropy, a quantity widely studied in quantum information theory and, recently, also in the high-energy community [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] . Given two RDMs, ρ 1 and ρ 0 , e.g. corresponding to two low-lying excited states in a CFT, the relative entropy is defined as S A (ρ 1 ρ 0 ) = Tr (ρ 1 log ρ 1 ) − Tr (ρ 1 log ρ 0 ) ,
and can be interpreted as a measure of distinguishability of the two RDMs, providing a sort of distance between them in the Hilbert space [37, 38] . In a replica approach, S A (ρ 1 ρ 0 ) can be obtained as the limit for n → 1 of the logarithm of the universal ratio [26, 39] G n,A (ρ 1 ||ρ 0 ) ≡ Tr(ρ 1 ρ
Unfortunately, all these universal features seem to be completely lost, at least at first sight, in real experiments where different kinds of inhomogeneities are always present. For example, recent important advances in cold atoms have allowed to set up experiments to measure the many-body entanglement [8] [9] [10] [11] [12] [13] [14] [15] . However, these ultracold quantum gases are trapped by external (usually parabolic) potentials breaking translational invariance and therefore, a fortiori, conformal invariance. Nevertheless, it has been pointed out in Ref. [40] that, under certain assumptions, conformal invariance can be restored at the price of working in a curved background: it is still possible to have an underlying CFT description but in a spacetime which is not flat anymore. The key assumption for this approach is the local density approximation (LDA), i.e. that the system exhibits separation of scales: there must exist a mesocopic scale at which the system is locally homogeneous (i.e. small compared to the scale at which inhomogeneity becomes important), but still contains a very large number of particles (i.e. large compared to the inter-particle distance). Denoting by L the typical macroscopic length of the system, i.e. over which the density changes, and by ρ(x) −1 the inverse of the local average density, providing the microscopic scale, must be such that L ρ −1 .
This curved CFT approach has already been employed for many applications: the entanglement entropies [40] , the entanglement hamiltonian [41] , and some correlation functions [40, 42] have been calculated for many different situations in inhomogeneous freefermion models; the field theory description of the rainbow model was also unveiled [43] , spin chains with gradients were studied [44] , and the presence of curved lightcones has been investigated [45] . All these applications refer to free models, but some results for interacting systems are also available [46] [47] [48] [49] .
The goal of this work is to understand whether and in which form the universality features of the entanglement in low-lying excited states persist in inhomogeneous settings, as a Figure 1 . Illustration of the local density approximation (LDA). L is the typical macroscopic length of the system over which the density changes. The average local distance between particles is of the order of ρ(x) −1 (ρ(x) being the density). The mesoscopic scale , where the approximation holds, must satisfy L ρ −1 .
consequence of the restored conformal invariance in curved spacetime. In particular we are going to focus on the ratios defined by Eqs. (4) and (7) and their analytic continuations. As an explicit example, we are going to employ the curved metric approach for a free Fermi gas in a (harmonic) trapping potential. We will show that Eqs. (4) and (7) still display very universal features. Interestingly and surprisingly, they turn out to be the same functions as in the analogous homogeneous setting, but of a different variable, related to the subsystem size and to the curved metric. The manuscript is organised as follows. In Section 2 we briefly review the curved CFT approach to the inhomogenous free Fermi gas and its bosonisation. Sections 3 and Section 4 represent the core of the paper: after recalling how the calculations of Rényi and relative entropies work in the homogeneous case, we adapt them to the inhomogeneous situation and derive the CFT predictions for different excited states. In Section 5 we benchmark our analytic results against exact numerical computations for Fermi gas with a a finite number N of particles, finding excellent agreement for large N . Details about the numerical techniques are provided in Appendix A. We finally draw our conclusions in Section 6.
Inhomogeneous systems, CFT in curved space, and bosonisation
Although our approach is very general and applies to many different inhomogeneous 1D free Fermi systems, for concreteness we will focus through the entire manuscript on a Fermi gas trapped by an external potential. According to Ref. [40] , the long distance behaviour of this model is described by a massless Dirac fermion in a curved spacetime whose metric encodes the inhomogeneity parameters. We recall below the main steps to show this equivalence. We start by considering the homogeneous free Fermi gas in 1D with hamiltonian
being µ the chemical potential. Hereafter we set = m = 1. The ground-state propagator in imaginary time (τ = it) is
where ε(k) = k 2 /2 − µ is the energy and k F = √ 2µ is the Fermi momentum. Linearising the spectrum around the Fermi points ±k
A crucial observation is that the two terms in (10) coincide with the R/L-components (ψ † R,L (x, τ )) of a massless Dirac fermion in 2D euclidean spacetime, noting that
We now add to the hamiltonian in Eq. (8) an external potential V (x), that at first we consider harmonic V (x) = mω 2 x 2 /2 (again we set m = ω = 1). In the thermodynamic limit, the density profile of fermions follows the Wigner semicircle law [50] ρ
which is different from zero only in the interval [−L, L] where L = √ 2µ. This length is related to the total number of particles N = dx ρ(x) = µ, hence L = √ 2N . For the LDA to hold, it should exist an intermediate scale which is large compared to the microscopic scale but small compared to the scale on which physical quantities vary macroscopically. For large N and away from the edges, one has
, and hence LDA applies. At this scale the system can be seen locally as homogeneous, with a Fermi momentum k F (x) = πρ(x) and propagator of the same form as in (10)
where v F (x) = ε (k F (x)). The only consistent Dirac theory defined on the entire domain (x, τ ) ∈ [−L, L] × R and locally having the propagator (13) is a massless Dirac action in which the metric (being the only available free parameter) varies with position. Thus, we end up in a field theory in curved spacetime, whose action in isothermal coordinates is
where g = − det(g µν ), g µν is the metric tensor and the line element is d 2 s = e 2σ dz dz, which is conformally flat. Indeed, the propagator associated to the action (13) is
and coincides with (13) upon choosing × R. This formalism may simply be adapted to deal with an arbitrary potential V (x). In fact, even when we do not generally know the exact solution of the single-particle problem, in the thermodynamic limit, the relevant single-particle states are the ones very high in the spectrum for which the semi-classical approximation becomes exact. We emphasise that, in order to obtain non-trivial results, we need to scale the potential with the number N of particles, see [40] for details. For a generic potential, the local Fermi momentum is given by
and the underlying metric is given by ds
where, we recall that
where x 1 and x 2 depend on V (x) and µ.
Bosonisation of the Dirac fermion
By standard bosonisation techniques [51, 52] , the action of the free Dirac fermion is mapped into a free bosonic CFT with the Euclidean action
where we set the speed of the sound v = 1. The bosonic field is compact, and the target space is a ring, i.e.
Here m is the winding number of the field configuration and R is the compactification radius, that in the case of the Dirac theory is R = 1. In order to clarify the operator correspondence, we should also introduce the chiral vertex operator (for left and right movers) defined as
with conformal dimension given by h α = α 2 /2 (α ∈ R) and where φ L,R (x) are the left and right components of the bosonic field. By comparing the two point correlation function of vertex operators with that of left and right moving fermionic operators, the operator correspondence between these fields is
where the Klein factors η and η ensure the anticommutation relations between ψ L (x) and ψ R (x), being anticommuting variables themselves. This identity states that the chiral vertex operators, Eq. (21), correspond, in the fermionic language, to the annihilation/creation of a fermion.
The derivative operator i∂ x φ = i∂ x φ R + i∂ x φ L can be written in fermionic language as
The primary fields of the theory consists just of the vertex operator V 1 and the derivative field i∂ x φ [51] . In fermionic language, via bosonisation they correspond to the creation of a particle and to a particle-hole excitation respectively. We now discuss how the vanishing of the fermionic density at the edges of the interval [−L, L] (cf. Eq. (12)) reflects on the BCs for the free compact boson (which also lies on the strip of length 2L). Let us consider the fermion density operator ρ(x) =: c † (x)c(x) : and linearise it around the two Fermi points to get
Using that ψ R (x) and ψ L (x) vary very slowly on the system scale, we may drop the two terms involving the rapidly oscillating factors e ±2ik F x . Consequently, the vanishing of the fermion
and, from Eq. (23), for the bosonic field
Then, in this boundary CFT, the operator content of theory is halved compared to the bulk (as for any CFT [53] ).
Entanglement and Rényi entropies of excited states of inhomogeneous systems
In this section we apply the formalism reviewed in Section 2 to a special class of excited states in the presence of spatial inhomogeneities. Following Refs. [24, 25] we focus on the excited states generated by the action of a CFT primary operator on the ground state, which coincide to some low-energy excitations of the free Fermi gas. We will use this approach to study von Neumann entropy and the Rényi entropies of a Fermi gas in an arbitrary external potential.
Homogeneous systems
The simplest class of excited states in a CFT are those generated by the action of a primary field Υ, with scaling dimension ∆, on the CFT vacuum (i.e. the ground state). By the operatorstate correspondence, these states may be written as
The corresponding path-integral representation of the density matrix ρ = |Υ Υ| presents two insertions of Υ at ±i∞. Taking the trace overĀ to construct ρ A , sews together the fields on A and leaves an open cut along A. Hence, the moments of the RDM, Trρ n A , are 2n-point correlation functions of Υ on an n-sheeted Riemann surface R n [24] . Simple algebra leads to a compact expression for the ratio (4) between the moment of the RDM of a subsystem A in the excited state (27) and the one in the ground state, which is [24, 25] 
where w ± k = ±i∞ are points where the operators are inserted in the k-th sheet of R n . Note that the non-universal contributions (as the cutoff , explicitly entering as a regulator of the theory in the numerator and the denominator) cancel, and hence the ratio is universal. Eq. (28) holds for systems with both periodic (PBC) and open boundary conditions (OBC), but the worldsheet where the theory is defined, i.e., the Riemann surface R n is different in the two cases. For PBC the single sheet geometry R 1 is the cylinder (topologically equivalent to the complex plane), whereas for OBC R 1 is an infinite strip [54] . For the periodic case, with a sequence of conformal transformations, the n-sheeted surface is mapped to the complex plane where the operators Υ are inserted at the roots of unity, see [25] for details. Using these conformal mappings, the ratio F Υ,n (A) is written as [25] 
, where s
in which we defined the scaling variable x = /L where is the length of the interval A and L the total length of the system. We use the symbol x to distinguish this variable from the spatial coordinate x. Thus F Υ,n (A) turns out to be a function of x only [24, 25] . The n-th Rényi entanglement entropy is then given by Eq. (5). Since the F Υ,n (A) is function only of x for all excitations, the additional term in the entanglement entropies is always of order 1 in L, showing that the universal logarithmic behaviour for the ground-state persists for all low-lying excited states in CFT. Higher excited states, in the middle of the spectrum of microscopical models, have instead generically extensive entanglement entropy [23, [55] [56] [57] [58] [59] [60] [61] [62] [63] [64] (see [65] for low-lying excitations in massive field theories). For the case of OBC, which is of major interest here, we consider a systems of length 2L, i.e. the segment [−L, L] and a subsystem A starting from the left edge A = [−L, ] (note that the length of A is L+ ). Under these circumstances there are only minor differences compared to the calculation in the periodic case [54] . A sequence of conformal transformations maps the strip of width 2L into the unit disk. The correlation functions resulting from the mapping of Eq. (28) are usually more complicated to be worked out [54] ; the only special case being the one of interest for us, namely correlation functions of chiral operators in the compact boson with free boundary conditions (26) . In this case, by use of image charges, we end up exactly in the correlation function (29) . The scaling variale x is now
Inhomogeneous systems
We now apply the formalism of Section 2 to compute the entanglement entropy of the bipartition
The coordinates of the associated field theory are (z, z), defined for a generic trapping potential by (18) (that for the harmonic case simplified to (16)).
Making use of such coordinates, the subsystem changes to A = [z 1 , z 2 ], where z 1 = z(−L) and z 2 = z( ). In particular, for the harmonic case
In this coordinate system, the total length of the strip is L = π. As in Eq. (28), the ratio of moments of RDM in Eq. (4) is then
where z
×R and R n the Riemann surface obtained by joining cyclically n copies of R 1 . We used the superscript "c" (for "curved") in order to avoid confusion with the same quantity for a homogeneous system: the difference with (28) is that the correlation functions are evaluated in a worldsheet where the metric is not flat (d 2 s = e 2σ(z) dzdz). Note that considering the universal ratio (4) presents also the advantage that we do not have to deal with the metric dependent cutoff = (x), which, for non-uniform systems, depends on the position and is a non trivial function of the scales entering in the problem. In the case of the free Fermi gas, there is just one of such scales (k F (x) −1 ), thus fixing this dependence; in more complicated models, where different scales exist, finding such function is still an open problem. It is now convenient to re-express the correlation in the numerator of Eq. (32) through twist fields as
whereΥ = Υ ⊗n corresponds to n replicas of the operator Υ and we relied on the very definition of twist fields [6, 66] . A similar approach was considered in [67] in a different context. Thanks to this rewriting, Eq. (32) takes the form
Since the inhomogeneity is encoded in the metric tensor, the idea is now to use a Weyl transformation to trace the calculation back to the one in flat space, as done for the entanglement entropy in the ground state in Ref. [40] . Under a Weyl transformation, which does not act on the coordinates, but on the metric tensor only
a primary field φ ∆ (z, z) of conformal dimension ∆ transforms as
This transformation applies to all the fields in Eq. (34), therefore the prefactors due to the Weyl transformation cancel in the ratio, leading to
where now the correlators are again evaluated on a flat space. Moreover, since, as already mentioned, also the position-dependent cutoff (x) simplifies, Eq. (37) coincide with Eq. (28) for a homogeneous system with OBC for a system of size L = π and subsystem
The only fundamental difference between the homogeneous and the inhomogeneous system is that, while in the former case the function F Υ,n (A) in Eq. (28) is a function of the variable x = 1/2 + /(2L), in the latter F c Υ,n (A) is the same function but of the different variable
Thus we can make use of the results of Ref. [24, 54] for the function F Υ,n (x) for a homogenous strip (Υ being a primary of the compact boson CFT) to write explicit formulas for the functions F c Υ,n in the inhomogeneous case. For the harmonic trapping potential these reads:
By replica limit we get the von Neumann entanglement entropy in terms of the function (cf. Eq. (5))
where ψ(z) is the digamma function. The analytic continuation leading to the last equation has been derived in [68, 69] . We stress that Eqs. (40) and (41) as function of x are valid for an arbitrary external potential with x (x) obtainable from (18) . Only when using x (x) in (39) we specialised to the harmonic case.
Relative entanglement entropies between inhomogeneous states
Here we generalise the results of the previous section for the Rényi entropies to the computation of the relative entropy between different pairs of low-lying excitations of the free Fermi gas, always using the bosonised CFT.
Homogeneous systems
We start with a brief review of the replica approach to the relative entropy between the reduced density matrices of two excited states associated to primary fields [26] . The relative entropy between ρ 1 and ρ 0 (associated to the primaries Υ 1 and Υ 0 respectively, as in (27)), is obtained from the replica limit of the universal ratio (7) [26] . It is also useful to define the "Rényi" relative entropies
from which the relative entropy is obtained through the following replica limit
Actually the quantities in Eq. (42) lack a few properties to be good relative entropies and alternative definitions exist, see e.g. [27, 70] . However, our aim is only to have objects that in the replica limit provide the relative entropy and hence (42) are sufficient. The ratio in Eq. (7) may be expressed in terms of correlation functions as [39] 
For a periodic system, after mapping the Riemann surface to the complex plane and finally to the cylinder, G n,A (ρ 1 ρ 0 ) is
where t ± k,n = π/n(±x+2k) (with k = 0, · · · , n−1) and ∆ 0 and ∆ 1 are the scaling dimensions of Υ 0 and Υ 1 respectively. It is straightforward to show, following exactly the same steps as for the entanglement entropies, that also the final expression of G n,A (ρ 1 ρ 0 ), for chiral excitations in a system with OBC has exactly the same expression as in (45) . Indeed the starting points on the replicated strip (i.e. Eqs. (44) and (28)) are identical except for the specific chiral operator inserted, which anyhow does not matter for the mapping. 
Inhomogeneous systems
We now apply the formalism of Section 2 to compute the relative entropy of different couples of density matrices associated to the bipartition
By the same reasoning of Section 3.2, the ratio we wish to compute is
where, also in this case, we use the superscript "c" just to avoid confusion with the same quantity for a homogeneous system. The calculations proceed in complete analogy too, leading to G c n,
Once again, the only difference between homogenous and inhomogeneous systems is that the scaling variable is not x but x as defined in (39) .
Explicitly, we have [39]
and, by replica trick,
All these expressions may be easily rewritten in terms of x, but the final results are not very illuminating and we omit them. As stressed in [39] for the calculations in the homogeneous case, it is not yet possible to derive the analytic continuation of (48c). In Figure 2 we plot the Rényi relative entropy S n,A (ρ 1 ||ρ 0 ) for different pairs of states. Note that, as already observed [39] , while the relative entropy S A (ρ 1 ||ρ 0 ) is always positive and monotonous, this is not generally the case for n = 1. Moreover, we notice that S n,A (ρ 1 ρ 0 ) as a function of x goes to zero faster than in the homogeneous case.
Numerical checks
We now compare the analytic formulas derived in the previous sections with the exact numerical data for the low-lying excited states of a Fermi gas trapped by a harmonic potential. The Rényi entropies in these excited states have been obtained by two different methods described in details in the appendices, i.e. by the overlap matrix technique (Appendix A.1) and by Gauss-Legendre discretisation of the continuous correlation matrix (Appendix A.2). Of course, they furnish identical results, providing a further test of the correctness of their implementation. For the calculation of the Rényi relative entropy the overlap matrix approach is not easily usable and therefore we only employ the Gauss-Legendre discretisation method for the correlation matrices and compute the trace of the product of the associated RDMs as explained in Appendix A.3. We consider only two types of excited states. One is a particle-hole excitation in which the particle in the highest occupied single-particle level (i.e. the N -th one) is shifted up of one level (i.e. to the (N + 1)-th one). In the CFT, this excitation corresponds to the state generated by the action of the primary operator i∂φ. The other corresponds to add a particle to the Fermi sea: this is a very trivial operation because the excited state is just the ground state in the canonical ensemble with one particle more. However, in the grand-canonical ensemble it is an excited state that in curved CFT corresponds to the action of the vertex operator with α = 1, i.e. V 1 (which indeed, as already mentioned, acts as creation operator of a fermion).
Entanglement entropies in excited states
In Figures 3 and 4 we report the exact numerical data for the unversal scaling function F c Υ,n (x) for the Rényi entanglement entropies of a Fermi gas of N particles trapped by a harmonic potential. In Fig. 3 we report the data for the excited state with one particle more (corresponding to the vertex operator, Υ = V 1 ) and in Fig. 4 we report the data for a particlehole excitation (corresponding to Υ = i∂φ). In both cases, we consider the bipartition A = [−∞, ] andĀ = [ , ∞] (in the thermodynamic limit it is irrelevant whether A starts from −L or any point to its left, so we just fix to −∞ which makes the numerical calculation easier). We plot the scaling function versus x = 1/2 + /2L (cf. (30)) which is the natural variable one would have been using without knowing a priori the CFT solution in terms of x , cf. Eq. (39) . Let us now discuss these figures. For the excited state corresponding to the vertex operator (cf. Figure 3) , the CFT prediction is F V 1 ,n (x ) = 1 as in Eq. (40a). It is evident that the data converge to the CFT predictions increasing the system size, as they should. This is a rather trivial result since the excited state is the ground state with one particle more; the analytic result for the ground-state entropies in the harmonic potential, cf. Refs. [40, 71] , shows that the difference between the results at N and at N + 1 is of order o(1) for large N . However, in spite of this simplicity, we note the presence of oscillating deviations from the CFT prediction which clearly decrease with system size and hence are subleading corrections to the scaling. These corrections get larger for larger values of the Rényi index n. We are going to discuss and characterise them below. Data for the particle-hole excited state are reported in Figure 4 , for different values of the Rényi index n and number of particles N . We also show the highly non-trivial result for the CFT excited state generated by the action of the derivative operator, cf. Eq. (40b). The data at finite N are close to the CFT predictions for all n and the difference gets smaller as N increases. In particular for n = 1 (von Neumann entropy), the data at finite N lie very close to the asymptotic prediction. The differences between numerical data and asymptotic predictions have to be imputed to subleading corrections that, in analogy with the case of the vertex operator, become larger as n increases. Before addressing these corrections to the scaling, we wish to discuss qualitative and quantitative differences between the scaling functions in homogeneous and trapped systems. The data for n = 1 and n = 3 are reported once again in Fig. 5 together with the homogenous results for a system with open boundary conditions. The qualitative shapes of the two sets of curves are very different. In the homogenous case, the entropy excess starts off linearly at x = 0, while only quadratically in the trapped setting. Physically this behaviour may be understood as a consequence of the fact that the single-particle states at the edge have a (30)). The dots correspond to exact numerical data for gases with N = 120 particle.
lower density in the trapped case. Mathematically instead it just follows from the mapping (39) between x and x which is quadratic close to x = 0. Furthermore, the linearity of the homogeneous scaling function for small x is a very general feature and the linear slope is proportional to the scaling dimension of the operator Υ [24] . Hence, we conclude that for a general excited state |Υ in this inhomogeneous setting, the functionF c (x) will start off quadratically with an amplitude proportional to the dimension of the operator Υ. Another interesting observation is that while the two functions (homogenous and inhomogeneous ones) are very different, they have exactly the same value at x = 1/2, i.e. in the center of the trap. Again, mathematically this just follows from the trivial observation that the point x = 1/2 is a fixed point of the map between x and x (cf. Eq. (39)) and hence this result is valid for an arbitrary state. At first, this may seem surprising for the entanglement entropy which depends on all the points to the left of the center (i.e. with x < 0) which are sensitive to the trapping potential. However, if we think to the (Rényi) entropy as a local one-point function of a twist field, the equivalence in the two geometries follows from the fact that at the center the gradient of the density vanishes in both cases and the system looks like homogenous and uniform. We finally discuss the corrections to the scaling which strongly affect the data in Figures  3 and 4 . Similar corrections have been found already for the ground state of the trapped gas [71, 72] and there is no quantitative understanding of them yet. The main reason for this lack of comprehension is that there are at least two different sources of corrections which are intertwined in the final result and disentangling them appears very complicated. First, also homogeneous systems in the ground state present oscillating deviations from the conformal asymptotic entanglement entropy which are called unusual corrections. These have been characterised both in CFT [73, 74] , and in microscopic models [75] [76] [77] [78] [79] [80] [81] . They are unusual in the sense that the exponent governing their decay depends on the order n of the Rényi entropy and it is not related to the leading irrelevant operator, like for standard corrections to the scaling. Indeed, it has been shown that these deviations decay as −∆/n or −2∆/n , for open and periodic systems respectively, where ∆ is the scaling dimension of a relevant operator located at the conical singularities of the Riemann surface R n [73, 74] . Corrections with the same exponents have been found also for excited states of homogenous systems [82] (as expected since the structure of conical singularities does not depend on the state), but the amplitude depends in a very complicated and yet unknown manner on the state itself. These unusual corrections share many similarities with the ones observed in Figures 3 and 4 , in particular they are larger for larger n and very small at n = 1. However, in the trapped case, the period of the oscillations depends on the position (not surprisingly since the density does) in a yet unclear fashion. A first naive guess for these corrections deep in the bulk might be that they are the same as in the homogenous systems, but with the density (i.e. k F (x)) replaced by the local one. If this would be true the data forF i∂φ,n (x) and those forF c i∂φ,n (x) should be very similar when the former is written as a function of x and the latter of x , because the mapping between the two makes the system homogenous. In Fig. 6 , we explicitly perform this comparison, showing that deep in the bulk, while the amplitude of the oscillations is comparable, their periodicity has a different structure. A second correction originates from the edges of the trapped system (at ±L) and is strictly related to its inhomogeneities. Indeed, at finite N , near the edges, the fermion propagator deviates from thermodynamics form (13) : in the proper subleading scaling variable, it can be expressed in terms of the Airy kernel, see e.g. [71, 83] . From the figures, in particular comparing with the results for the homogenous case in Figs. 5 and 6, it is evident that close to the edge at x = 0, there are larger deviations than in the bulk and these are entirely due to the edge physics. These corrections right at the edge have been analytically worked out in [71, 83] , but it is not known how they get modified when entering the bulk. 
Relative entropies
In this subsection, we come to the Rényi relative entropies. Exploiting the techniques of Appendix A.2 and Appendix A.3, we numerically compute the ratio
for n = 2, 3 and with ρ 0 and ρ 1 corresponding to the possible pairs of states considered in the previous subsection, i.e. ground-state, particle-hole excitation, addition of a particle. In the thermodynamic limit the numerical data are expected to converge to the CFT predictions for G It is evident from all data in Fig. 7 that increasing N the numerics converge toward the asymptotic CFT predictions. Actually, the overall agreement is exceptionally good given the presence of oscillating corrections to the scaling (which, incidentally, appear to be larger than those in the homogeneous case, see [39] ). Exactly like for the Rényi entropies in the previous subsection, these corrections have at least a twofold origin: i) the geometrical structure of the Riemann surface defining G n,A (ρ 1 ||ρ 0 ) is the same as the one for the Rényi entropies, in particular with the same conical singularities; hence the same kind of unusual corrections are expected; (ii) close to the edge, there are subleading corrections to the two-point function which affect both the density matrices ρ 0 and ρ 1 and hence the relative entropies. Unfortunately, as for the Rényi entropies, it is not possible to disentangle these effects and have a quantitative descriptions of these oscillating deviations from the asymptotic behaviour, as instead done for the homogeneous case [39] .
Discussion and outlook
This work is set within the context of the study of entanglement in inhomogeneous manybody quantum systems and its relation with conformal field theory. The core of this new line of research lies in the fact that the long distance behaviour of such systems may, under given assumptions, be described by CFT in a curved spacetime whose metric encodes the inhomogeneity parameters. In particular, here we provided new analytical predictions for the Rényi and relative entanglement entropies of low-energy excitations in the inhomogeneous one-dimensional free Fermi gas, for an interval adjacent to the physical edge (i.e. where the density of particles vanishes, ρ(x) = 0). Our main analytical results are given by equations (40) , (41) for the universal ratio F c Υ,n (A) and by equations (48) , (50) for G c n (ρ 1 ρ 0 ). These predictions have been tested against exact numerical data, finding perfect agreement. Starting from this work, several directions would be worth investigating. First, we only considered excitations associated to primary fields. It would be interesting to generalise our findings to a generic excited state. For homogeneous systems this generalisation was considered in Refs. [84, 85] . However, as soon as descendent fields are involved, the calculations become much more cumbersome. It is also quite natural to ask whether our formalism could be generalised to interacting problems, e.g., to some inhomogeneous version of the XXZ spin chain or Lieb-Liniger gas, as e.g. in [44] . The main problem is that for interacting systems the inhomogeneity affects two parameters: in addition to the metric, also the Luttinger parameter K, related to the couplings of the microscopic Hamiltonian [86] , varies in space. Fixing these parameters is not an easy task, but, more importantly, this spacedependent parameter K turns out to break conformal invariance [47] , so that we have to deal with a more complicated theory.
be written in terms of the N non-zero eigenvalues λ i of C A (x, y) as
In the following we review some well known techniques to extract effectively the eigenvalues of the reduced correlation matrix in continuous models.
Appendix A.1. Overlap matrix method.
The first method we describe allows us to obtain the eigenvalues of the reduced correlation matrix (and hence Rényi entropies) from an N × N matrix, known as overlap matrix, which shares its non-zero eigenvalues with C A (x, y) [72, 78, 89] . This technique has already been used for several applications in the context of the entanglement [72, 79, [90] [91] [92] [93] [94] [95] [96] [97] [98] [99] [100] [101] [102] [103] . The starting point is that the characteristic polynomial of C A (x, y) is a Fredholm determinant
where the traces are
Since the zeroes of D A (λ) are the eigenvalues of C A , making use of the Cauchy residue theorem, the Rényi entanglement entropies may be written as the contour integral where a m are the eigenvalues of A.
Appendix A.2. Gauss-Legendre discretisation of continuous matrices.
The eigenvalues of the reduced correlation matrix may be obtained directly by exploiting effective discretisations of the kernel as those proposed in [104, 105] . In the continuous case, the eigenvalue problem for the reduced correlation matrix C A (x, y) is defined by the following integral equation f (x) dx, (A.14)
states that the integrand is evaluated at a finite set of m points called integration points and a weighted sum of these values is used to approximate the integral. We are going to use the Gauss-Legendre rule, which is a family of quadrature rules with positive weights. We first trivially convert the limits of integration for the interval [x 1 , x 2 ] to the Gauss-Legendre interval [−1, 1]
(A.15)
In the Gauss-Legendre quadrature rule, the points x j in Eq. (A.15) are chosen to be the roots of the Legendre polynomial. Given this rule, the discretised version of (A.13) is m j=1 w j C(x i , x j )ψ j = λψ i , (A.16) which has to be solved for ψ i ≈ ψ(x i ), i = 1, . . . , m. Thus we only need to diagonalise the m × m matrix w j C(x i , x j ), or, in a more symmetric, but equivalent, fashion
The numerical implementation of this method is straightforward.
Appendix A.3. Product of Gaussian operators
When computing the Rényi relative entropies between the reduced density matrices of two different eigenstates, we need to evaluate objects of the following form Generically speaking, the two RDMs ρ 1 and ρ 0 do not commute and so they cannot be simultaneously diagonalised to calculate the relative entropies from their eigenvalues in a common basis [39] . However, it is possible to use the composition properties of gaussian density matrices to compute the traces of the product of a generic number of them. Let ρ[Γ] denote a gaussian density matrix characterised by its correlation function Γ, written in terms of Majorana fermions. Γ is related to the correlation matrix C as Γ = (I − 2C) ⊕ (2C T − I). (A. 19) In the continuous model, since C(x, y) is continuous, so is Γ(x, y). However, as just shown, C can be discretised, Eq. (A.17), so that from (A.19) we get a discretised version of Γ, Γ ij . In this way, we trace the problem back to a discrete one, which has been considered in Ref. [106] , where the algebra of gaussian RDMs has been worked out. Below we briefly review the main points.
The composition of correlation matrices is indicated by Γ × Γ (not to be confused with the product of the matrices) and it is implicitly defined by namely it is the product of the eigenvalues of (1 + ΓΓ )/2 with halved degeneracy. Once we have this explicit result for the product of two gaussian operators, the trace of the product of a generic number of them can be computed iteratively as follows .23) 
